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B8 may be obtained from Gershgorin’s theorem. A method of obtaining lower bounds
for the least positive eigenvalue of a certain type matrix is discussed in [5].
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An Iterative Method for Computing the
Generalized Inverse of an
Arbitrary Matrix

By Adi Ben-Israel

Abstract. The iterative process, X, = X.(2] — AX.), for computing A_l,
is generalized to obtain the generalized inverse.

An iterative method for inverting a matrix, due to Schulz [1], is based on the
convergence of the sequence of matrices, defined recursively by

(1) Xun = Xa(2I — AX,) (n=0,1,)

to the inverse A~' of A, whenever X, approximates 4™". In this note the process
(1) is generalized to yield a sequence of matrices converging to A", the generalized
inverse of 4 [2].

Let A denote an m X n complex matrix, A* its conjugate transpose, Pr) the
perpendicular projection of E™ on the range of 4, Prs+) the perpendicular projec-
tion of E” on the range of A*, and A the generalized inverse of 4.

TuroreM. The sequence of matrices defined by

(2) Xoi1 = Xa(2Pry — AX,) (n=01,-),
Received November 9, 1964.



COMPUTING THE GENERALIZED MATRIX INVERSE 453

where Xy 18 an n X m complex matrix satisfying

(3) X, = A*By  for some nonsingular m X m matriz B,
(4) Xo = CoA™  for some nonsingular n X n matriz C ,
(3) | AXo — Prea| <1,

(6) | Xod — Pruas| <1,

converges to the generalized inverse A+ of 4.
Proof. As in [3], the generalized inverse A" is characterized as the unique
solution of the matrix equations,

(7) AX = PR(A) )
(8) XA = PR(A‘) .
Thus it suffices to prove that the sequence (2) satisfies:
(9) lim | AX, — Prw| =0,
(10) lim || X.d — Prus| = 0.
First we verify from (2), (3), (4) that
(11) X, = A*B,
" (n=0,1,--+)
(12) X, =C,4d

(where B, , C, are recursively computed as
Bay1 = Bu(2Prsy — AA*B,),
Catr = Co(2Priany — ATAC,),

but are not used in the sequel).
Now, from (2),

(13)  Pruy — AXnp1 = (Pray — 4X0)Priy — AX2(Proy — AX0);

using (12), it follows that A X,.Prsy = PrndXa .
Therefore

Pry — AXny = (Prey — AX,)°
and
(14) | Pecay — AXni1 || £ || Preoy — AXa | (n=0,1,---),

which, by (5), proves (9).
To prove (10) we write

Pravy — XnpA = Pruary — Xa(2Pry — 4X0)A,
which is rewritten, by (11), as
Proavy — Xop1td = Priasy — PranXad — X4 + (Xa4)' = (Prasy — Xud)®

t]| | is a multiplicative matrix norm
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Thus
(15) | Preawy — Xnt1d || S || Pray — Xad |2 (o =10,1,---)

which, by (6), proves (10).
Remarks. (i) Similarly, the sequence defined by

(16) Xn;i-l = (2PR(A‘) - XnA)Xn ('n = 0’ 1’ o ')’

with X, satisfying (3), (4), (5), (6), converges to A*.

(ii) When 4 is nonsingular, both (2) and (16) reduce to the well-known proc-
ess (1) due to Schulz [1], further studied by Diick in [4].

(iii) Conditions (5), (6) can not be weakened as shown by:

an( 9 rn(
“e (3 D)

which satisfies (3), (4) but || AXo — Prw || = 1 under the sum-of-squares norm.

(iv) The practical significance of the process proposed here is impaired by the
need for knowledge of Py . In fact, the direct computation of A requires little
more than the computation of Pgc4 and of Pr4+) , and not substantially more than
the computation of one alone. For any matrix A can be expressed in the form
A = FR* where the columns of F are linearly independent as are those of B. Then,
as shown by Householder in [5],

Pray = F(F'F)7'F*

and, taking

and
Praasy = R(R*R)—IR*,
whereas
A" = R(R*R)™(F*F)"'F*.
While only one of the projections P4 , Prcu» is needed for the computation by
the method proposed here, both are needed for testing (5) and (6).

(v) In the case where 4 is of full rank, the method proposed here is applicable.
For, if rank A = m, Pry = Imxm and (2) reads:

(17) Xnp1 = Xa(2I — AX,).

In this case, AT = A*(AA*)™ and, indeed, by (11), we verify that X, = A*B,,
where B, converges to (AA4A*)™".
Similarly, if rank A = n, Pruw = Iuxn and (16) becomes

(18) Xoy = (2 — X, A)X,.

Example. Let
1 0 -1
4= (O 1 1 )
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and take
1 0
X0=—;-A*=% 0 1
-1 1
Here, formula (17) is used to obtain:
1 0 1 0
1 1 0 1(1 0 1
Xi==-[0 1 2( )-—-—( ) 0 1
2 11 0 1 2\0 1 1 11
2 1
=}L 1 2],
-1 1
1 10 5
Xo=g| 5 10,
-5 5
1 176 85
Xs=-—=—| 8 170], ete.,
256\ _g5 85
converging to:
2 1
ar=1 2
-1 1
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A Note on the Maximum Value of Determinants
over the Complex Field

By C. H. Yang

The purpose of this note is to extend a theorem on determinants over the real
field to the corresponding theorem over the complex field.

TaEOREM. Let D(n) be an nth order determinant with complex numbers as its
entries. Then
(1) Max | D(n)| = Max | D(n)|.

lajrl =K lajpl=K
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